Scalar wave propagation across a semi-infinite step or step-like discontinuity on any one boundary of the square lattice waveguides is considered within nearest-neighbour interaction approximation. An application of the Wiener-Hopf method does yield an exact solution of the discrete scattering problem, using which, as the main result of the paper, the transmission coefficients for energy flux are obtained. It is assumed that a wave mode is incident from either side of the step and the question addressed is what fraction of incident energy is transmitted across the atomic step discontinuity. A total of ten configurations are presented that arise due to various placements of discrete Dirichlet and Neumann boundary conditions on the waveguide. Numerical illustrations of a measure of 'conductance' are provided.
Introduction
Historically, an understanding of the surface roughness induced scattering of waves has played a crucial role in the subject of mechanics, physics, and thermodynamics of solids [27, 3, 4, 9, 18, 17, 16, 31, 29, 30, 23, 48] . Classically, research works on waveguides, with scattering due to steps, have been carried out by numerous investigators due to their importance in elastic, acoustic, and electromagnetic wave propagation theory; some of the results are also obtained through the Wiener-Hopf technique [49, 24, 22] . On the other hand, the discrete models appear in many applications involving crystalline matter with or without impurities [15] , thin films or monolayers [25, 10, 26] , etc. Within this context of surface induced phenomena, the present paper extends the applications of recent framework developed for discrete scattering problems [33, 34, 43] . In contrast to the recent investigation of the wave transmission of surface localized anti-plane shear wave [42] in lattice structures, motivated by certain discrete counterpart [8] of Gurtin-Murdoch model [11, 12, 45, 46] , the present paper applies similar methodology to reveal the transmission characteristic associated with a close-up of discrete form of surface roughness.
As observed in this paper, the time harmonic response of lattice waveguides, modulo the presence of a step or a step-like discontinuity, is also remarkable. It turns out that there exist frequency intervals where certain measure of conductance [28, 32] ) is large and in some other intervals there is dominant effect of step induced scattering, depending on the boundary conditions as well. It can be envisaged that the techniques and results of the paper assume qualitative relevance to more complex physical systems [20, 7, 19, 2, 14] . The lattice waveguides also demonstrate a quasi-one dimensional character, providing a pathway to venture into the effect of second dimension in physical space. The paper maintains focus on the effects due to presence of confinement, incorporated by the boundary conditions. The derived results which can be obtained, more or less directly, based on the manipulations and expressions of the exact solution on infinite square lattice [33, 34] and lattice waveguides [35] , have been omitted in the main paper. Throughout the paper, a useful role is played by Chebyshev polynomials [21] . Figure 1 : Waveguides of square lattice structure with step-like (a-d) discontinuity induced by a union of semi-infinite 'discrete Neumann' and 'discrete Dirichlet' (a, b) boundary and a semiinfinite 'discrete Dirichlet' and 'discrete Neumann' (c, d) boundary or a step (e-h) discontinuity on a 'discrete Neumann' (e, f) and a 'discrete Dirichlet' (g, h) boundary.
Square lattice waveguide
Consider a strip with N number of rows of the square lattice structure, {ν iê i ν 1 ∈ Z, ν 2 ∈ Z N 1 }. Each particle of such discrete nanoribbon structure is assumed to possess unit mass, and, interaction with atmost its four nearest neighbours through linearly elastic identical (massless) bonds with a spring constant 1/b 2 . The notation follows that introduced for an infinite lattice [33, 34] and the square lattice waveguides [36, 35] . Due to nature of the problem, the displacement of a particle, located at the site indexed by its lattice coordinates (x, y) ∈ Z 2 in S N and denoted by u x,y , is complex valued. The equation of motion of the particles in S N away from the upper and lower boundaries is b 2ü
x,y = u x,y , where u x,y :=u x+1,y + u x−1,y + u x,y+1 + u x,y−1 − 4u x,y .
(1.1)
The equation of motion at upper (corresponding to "−") and (each left or right part of the) lower (corresponding to "+") boundary rows studied in this paper is either b 2ü
x,y = u x+1,y + u x−1,y + u x,y∓1 − 4u x,y (•) (1.2a) or b 2ü x,y = u x+1,y + u x−1,y + u x,y∓1 − 3u x,y (•). (1.2b) In the context of the waveguides with step (or step-like) discontinuity studied in this paper, in particular, on the upper free boundary (resp. on row adjacent to fixed boundary) (1.2b) holds (resp. (1.2a)) with − sign; on the lower free boundary (resp. on row adjacent to fixed boundary) (1.2b) holds (resp. (1.2a)) for x < 0 and/or x ≥ 0 with + sign. The same geometric structure can be also interpreted as a junction of two semi-infinite waveguides of either of the four kinds as stated in [36] (briefly recalled in Appendix A.1). The ten configurations shown in Fig. 1 as a graphical schematic illustration of the boundary conditions. Again the notation is self-explanatory as the superscript on S represents the upper boundary condition and the subscript represents the pair of two semi-infinite lower boundary conditions. Fig. 1 illustrates schematically the step discontinuity induced by a union of semi-infinite 'discrete Neumann' and 'discrete Dirichlet' (i, j) boundary. The green dots are unconnected hypothetical sites used in mathematical formulation. The sites contained in the shaded region bounded by the solid lines belong to the waveguide, wherein the sites adjacent to the solid lines belong to Σ (such that (1.2a) or (1.2b) holds). Suppose u in describes the incident wave mode (indexed by natural number κ in [36] ) with frequency ω and a lattice wave number κ x along x coordinate. The ordinary frequency ω (aside from a factor due to scaling of time [33] ) corresponds to a propagating mode lying in the pass band of lattice waveguide either on the left or right side of the step discontinuity. It is assumed that u in is given by an expression of the form
where A ∈ C is constant. The symbol a (κ in )· represents the mode shape corresponding to the specific wave mode indexed by κ in (see [36] or Appendix C of [35] for the detailed expressions).
In the remaining text, the explicit time dependence factor, e −iωt , is suppressed. Let the lattice frequency ω be defined as ω:=bω, so that ω 2 = 4(sin 2 1 2 κ x +sin 2 1 2 η κ in ), κ x ∈ [−π, π], where η κ in is interpreted as the vertical component of an incident wave vector in (bulk) lattice. Clearly, η κ in depends on the confinement effect of the boundary conditions [36] . The total displacement u t of an arbitrary particle in each lattice waveguide is a sum of the incident wave displacement u in and the scattered wave displacement u s . Henceforth, the letter u is used in place of u s . The total displacement field u t (= u in x,y + u x,y ) satisfies the discrete Helmholtz equation
where Σ is boundary of the waveguide (as enumerated in Fig. 1 ). The discrete Fourier transform [13, 44] 
The discrete Fourier transform u F y of {u x,y } x∈Z is well defined for all relevant values of (fixed) y [35] in an annulus A in the complex plane (same as that defined in [35] , R ± are given in Appendix A of [35] , namely, equation (A.1) R + = e −κ2 , R − = e +κ2 ).
2
Step or step-like discontinuity induced by a semi-infinite fixed or free boundary
In this section the ten wave-guides with boundary containing a step (or step-like discontinuity), as shown schematically in Fig. 1 , are considered one by one. It is assumed that the wave is incident from the portion ahead of the step (the other case of incidence is treated afterwards).
2.1 Incidence from the broad portion of the step discontinuity
Case: (a)
In this case the particles at x ∈ Z, y = N+1 and x ≥ 0, y = 0 are fixed while those at x < 0, y = 1 belong to a free boundary, as shown in Fig. 1(a) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of width N (recall the notation described in Appendix A.1 or [36] ). Using the general solution (1.4) in the square lattice (A.3) and upper boundary condition (1.2a),
where λ [44, 33] is defined by (A.2c) and the variable of these complex functions (z) lies in A. According to (2.1a), it is easy to notice that u ·,y equals u ·,1 for y = 1, and is identically zero for y = N + 1 (due to the presence of normal mode factor in (1.3), u in ·,0 = 0, u in ·,N+1 = 0). As an analogue of (1.4) for y = 1,
where v t x is the total force that acts on the particle (x, 1) (from below). As a consequence of the step-like discontinuity between a semi-infinite discrete Neumann and discrete Dirichlet boundary, v t x :=0, x < 0, so that v t − = 0, according to the minus function defined in (1.5) (analytic on A and in its interior). By an application of the Fourier transform (1.5), it follows that
3c)
and Q is defined by (A.2a) (see also [33, 35] , and a plethora of works cited in [44] using similar notation and definitions). Simplifying and rewriting (2.3a), it is found that
4)
where u 1;+ is defined according to the plus function defined in (1.5) (analytic on A and in its exterior). Using the definition of Chebyshev polynomial of the second kind [6, 21] , the following identity holds
on A. The expression of u F 2 in terms of u F 1 , from (2.1a) and (2.5) , is found to be
where (and also throughout the paper) the argument of Chebyshev polynomials ϑ is defined by
The equation (2.7) utilizes the definition of Q provided as (A.2b) and the related fact that Q = λ + λ −1 , where λ is given by (A.2c). After the substitution of (2.6) in (2.4), a scalar Wiener-Hopf equation [24] can be constructed for u F 1 = u 1;+ + u 1;− (the only unknown in (2.1a)) as
on A, where the function L is the Wiener-Hopf kernel given by
As a consequence of the identities involving Chebyshev polynomials [6, 21] (see also Appendix D of [35] for the latter, see also [36] ), (2.9) can be simplified to the form
(2.10)
Case: (b)
In this case the particles at x ∈ Z, y = N belong to a free boundary and x ≥ 0, y = 1 are fixed while those at x < 0, y = 1 also belong to a free boundary, as shown in Fig. 1(b) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of width N (recall the notation described in Appendix A.1 or [36] ). For this choice of upper boundary (1.2b), similar to (2.1b), let
11a)
The ansatz for solution can be easily found to be
on A, with λ given by (A.2c). Analogous to (2.6), the relation between u F 2 and u F 1 is as
Further, using the manipulations described in §2.1.1, (2.8) is obtained (for the only unknown u F 1 in (2.11b)) with the Wiener-Hopf kernel L (2.9) as
on A. Recall that H (= Q − 2) is defined by (A.2d).
Case: (c)
In this case, particles at x ∈ Z, y = N, x ≥ 0, y = 1 belong to a free boundary while those at x < 0, y = 1 are fixed, as shown in Fig. 1(c) . Thus, S • •• is waveguide constructed by junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2b), using (2.11a), ansatz for solution can be easily found to be (2.11b). In place of (1.4) for y = 1 is
By an application of the Fourier transform (1.5), it follows that
(similar format of equations arise in [34] ). After the substitution of (2.11b), to obtain expression of u F 1 in terms of u F 2 , i.e. (2.12), after a rearrangement of (2.15a), and the transform (1.5), it follows that u F 2 (as the only unknown in (2.11b) after substitution of (2.12)) satisfies
In the Wiener-Hopf equation (2.16a), further, the kernel L can be expressed as
(2.17)
Case: (d)
In this case the particles at x ∈ Z, y = N as well as at x < 0, y = 1 are fixed while those at x ≥ 0, y = 1 belong to a free boundary, as shown in Fig. 1(d) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2a), the ansatz for solution can be easily found to be (2.1b). In particular, following §2.1.3, the expression of u F 1 in terms of u F 2 is (2.6), which leads to (2.15a), (2.15b), and (2.15c), and eventually the Wiener-Hopf equation (2.16a) (for the only unknown in (2.1b) after substitution of (2.6)), where L (2.16b) can be simplified to obtain
Case: (e)
In this case the particles at x ∈ Z, y = N, x ≥ 0, y = 1 as well as at x < 0, y = 2 belong to a free boundary, as shown in Fig. 1(e) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2b), using (2.11a), the ansatz for solution can be easily found to be
Instead of (1.4) for y = 2, 1,
where v t x is the total force that acts on the particle (x, 2), i.e.
21)
(similar to (2.3c)). By an application of the Fourier transform (1.5), it follows that
the pair of above equations (2.22) can be expressed as
, the Wiener-Hopf equation for u F 2 (as the only unknown in (2.19) after substitution of (2.23)) is found to be
Remark 2.1 Notice that N and D in this case (2.27) admit an 'extra common' factor h 2 due to the presence of a wave mode for ω ∈ [0, 2] for which the step is transparent.
Case: (f )
In this case the particles at x ∈ Z, y = N are fixed while those at x ≥ 0, y = 1 as well as at x < 0, y = 1 belong to a free boundary, as shown in Fig. 1(f) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2a), using (2.1b),
following the derivation for §2.1.5,
(similar to (2.6)). Hence (2.25) holds for u F 2 (as the only unknown in (2.28) after substitution of (2.29)) with the kernel (2.26) simplified to the form
In this case the particles at x ∈ Z, y = N + 1, x ≥ 0, y = 0 as well as x < 0, y = 1 are fixed, as shown in Fig. 1(g) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2a), (2.1a) is the ansatz for solution. As an analogue of (1.4) for y = 1,
After the substitution of (2.1a), the expression of u F 2 in terms of u F 1 is obtained as (2.6). In (2.32), using the expression of Q (A.2a),
By a rearrangement of (2.33a), using (2.6) and (1.5), it follows that u F 2 (as the only unknown in (2.1a) after substitution of (2.6)) satisfies the Wiener-Hopf equation
In (2.34a), further, it can be shown that
Case: (h)
In this case particles at x ∈ Z, y = N belong to a free boundary while those at x ≥ 0, y = 0 as well as at x < 0, y = 1 are fixed, as shown in Fig. 1(h) . Thus, S • •• is the waveguide constructed by a junction between S • • and S • • of widths N − 1 and N, respectively. For this choice of upper boundary (1.2b), the ansatz for solution is given by (2.11b) (and (2.11a)). Following §2.1.7, the expression of u F 1 in terms of u F 2 is found to be (2.12), leading to (2.33a) and (2.33c), and eventually Wiener-Hopf equation (2.34a) (for the only unknown u F 2 in (2.11b) after substitution of (2.12)) where
In this case the particles at x ∈ Z, y = N, x ≥ 0, y = 1 are attached to a fixed boundary at y = 0, while those at x < 0, y = 2 belong to a free boundary, as shown in Fig. 1 
Equivalent to (1.4) for y = 2, 1,
x is the total force that acts on the particle (x, 2), i.e.
where Q is defined by (A.2a) (see also [34] ).
the pair of above equations (2.40) can be expressed as
, the Wiener-Hopf equation for u F 2 (as the only unknown in (2.37) after substitution of (2.41)) is found to be (on A)
.
and u 1;+ is given by (2.42) . Hence,
In this case the particles at x ∈ Z, y = N and at x ≥ 0, y = 0 are fixed while those at x < 0, y = 1 belong to a free boundary, as shown in Fig. 1(j 
following the derivation for §2.1.9,
(similar to (2.6)). Hence (2.25) holds for u F 2 (as the only unknown in (2.46) after substitution of (2.47)) with the kernel (2.26) Hence,
(2.48)
Incidence from the other portion of the lattice strip
In order to construct the complete transmission properties, the alternative incidence from the portion behind the step is also required to be analyzed. Suppose that s = A denotes incidence from the portion ahead of the step discontinuity while s = B denotes incidence from the portion behind the step discontinuity. By inspection of the Fig. 1 , as well as the analysis presented above for the incidence for s = A, it suffices to consider the cases of S , respectively; in particular, the right hand side in the respective cases is the same.
Case: (a), (b)
In the case of incidence from the other direction s = B,, due to the presence of normal mode factor in (1.3), u in ·,1 satisfies the free boundary condition (1.2b) (choosing + sign), and u in ·,N+1 = 0. In place of (1.4) for
By an application of the Fourier transform (1.5), it follows that In the case of incidence from the other direction s = B, due to the presence of normal mode factor in (1.3), as an analogue of (1.4) for 
Following closely the manipulations stated earlier for s = A, In the case of incidence from the other direction, s = B, due to the presence of normal mode factor in (1.3), as an analogue of (1.4) for y = 1, 
(2.58)
Case: (i), (j)
In the case of incidence from the other direction, s = B, due to the presence of normal mode factor in (1.3), in place of (1.4) for y = 2, 1, leads to
Further, the equations (2.59a) can be expressed as
Following the manipulations stated earlier for s = A,
60)
Using u 1;− = u in 1;− = 0, a scalar Wiener-Hopf equation can be constructed (compare with (2.43))
This concludes the analysis and discussion of all the cases illustrated in Fig. 1 from the point of view of incidence from either side of the step discontinuity, i.e., s = A or B. It needs to be emphasized again that the Wiener-Hopf kernel L remains the same between (2.8) (resp. (2.16a), (2.25), (2.34a), and (2.43)) and (2.50) (resp. (2.52), (2.55), (2.58), and (2.61)) (few extra details have been also provided in the supplementary §1).
Application of Wiener-Hopf method
The choice of notation in the last part of the equations for L, providing its expression, represents that the denominator of L contains dispersion relations for different modes behind the step discontinuity, while the numerator of L contains dispersion relations for different modes ahead. Recall A.1, in particular, the relations (A.1a), (A.1b), and (A.1c) in this context. In each case of the ten lattice waveguides considered above, the Wiener-Hopf kernel L is a ratio of a polynomial N (of z) in the numerator and another polynomial D in the denominator. Further, these polynomials admit simple quadratic factors as described in Appendix B.1 of [40] or §3.4 of [35] . Evidently, analogous details corresponding to the Wiener-Hopf factorization hold for the square lattice strips; for instance, S • •• using (2.10) (see Fig. 1(b) ), and also for the other boundary conditions. All ten cases are also summarized, also as a consequence of the identities involving Chebyshev polynomials [6, 21] , in Table 1 (with z F (θ):= 1 2 (2+4 sin 2 1 2 θ−ω 2 − (2 + 4 sin 2 1 2 θ − ω 2 ) 2 − 4)). 1 In general, the right hand side C A,B in the Wiener-Hopf equations (2.8) (resp. (2.16a), (2.25), (2.34a)) and (2.50) (resp. (2.52), (2.55), (2.58)) can be together expressed as
62)
where s = A represents incidence from the right portion (ahead) and s = B denotes that from the left (behind) of the step discontinuity. It is understood as a useful notation that s denotes any of the two cases of the incidence. In the same context, it is also useful to define
(a),(b)
For the case of (a) S • •• and (b) S • •• of Fig. 1 , it follows from the expression for the incident wave mode (1.3), the Wiener-Hopf equations for the right incidence (2.8) and the left incidence (2.50), as well as the combined notation for the right hand side (2.62) and the multiplicative factorization L = L + L − , that L + (z)u 1;
(2.65) Table 1 : Wiener-Hopf kernel N/D for the square lattice waveguides with a step on boundary (refer Fig. 1 )
π)) (2.43), (2.61) N N − 1 Remark 2.2 By virtue of the chosen direction of incidence from the right portion s = A, and the assumption of dissipation (ω 2 > 0), it is concluded that |z in | > 1 when s = A against the case when s = B and the chosen direction of incidence from the left portion s = B, so that |z in | < 1.
In terms of the one-sided discrete Fourier transform,
66)
and after simplifying further, for z ∈ A.
(c),(d)
In 
where W is defined by (2.15c), i.e. u −1,1 − zu 0,1 . In terms of the one-sided discrete Fourier transform the complex function u F 2 is given by
and, similar to (2.67),
(e),(f )
In the case of S • •• and S • •• , it follows from (1.3), (2.25), (2.55), and (2.62), after applying the multiplicative factorization L = L + L − , that L + u 2;
(2.71)
In terms of the one-sided discrete Fourier transform the complex function u F 1 is given by
(2.73)
(g),(h)
In the case of S • •• and S • •• , by inspection it is clear that the relevant equations (after minor changes) coincide with the bifurcated waveguides S• • • and S• • • (with N a = 0, N b = N − 1) analyzed by [35] for the incidence from the broader side of the step, i.e., s = A. It follows from (1.3), (2.34a), (2.58), and (2.62), after applying the multiplicative factorization L = L + L − , that L + u 2;+ + L −1 − u 2;− = C (z), z ∈ A where the right hand side is In terms of the one-sided discrete Fourier transform the complex function u F 2 is given by 
(2.77)
In terms of the one-sided discrete Fourier transform the complex function u F 2 is given by [13, 44] ,
where C z is a rectifiable, closed, counterclockwise contour in the annulus A. The integration contour C z in (2.80) may be chosen as the unit circle T ⊂ C when ω 2 > 0 [35] . These expressions can be simplified, though the details are passed over in order to maintain the focus on the waveguide transmission property rather than the exact solution in the waveguide. Employing (2.80), above description provides the complete solution of the wave propagation problem in integral form (few extra details of Wiener-Hopf method have been also provided in the supplementary §2 and graphical comparison between exact solution at one site with the numerical solution is provided in the supplementary §3).
Reflectance and transmittance
At distances large compared to the width of the waveguides and away from the step, the farfield approximation of the exact solution (2.80) is used to calculate the physically interesting entities associated with the fraction of incident energy flux [1] which is transmitted across the atomic step discontinuity. This is accomplished by summing the energy in outgoing wavemodes ahead and behind the step. In fact, the reflectance (resp. transmittance) is defined as the ratio of the total energy flux in outgoing wavemodes ahead of (resp. behind) the step vs the energy flux carried for a specific incident wave mode [1] . Using the dispersion relation ω 2 = 4(sin 2 1 2 ξ + sin 2 1 2 η), ξ ∈ [−π, π], in the square lattice waveguides [36] , since η is constant for a wave mode, it is easy to see that v (ξ):= ∂ω ∂ξ = ω −1 sin ξ, where v denotes the group velocity [1] of the propagating wave with wave number ξ. The energy flux in a wave mode, as a product of energy density and the group velocity, can be easily calculated (see [1] ); for instance for the incident wave mode it is given by
The sets of z * corresponding to the outgoing waves ahead and behind the step, respectively, are
while those corresponding to incoming waves are Z − = {z ∈ T N − (z) = 0} for s = A and Z + = {z ∈ T D + (z) = 0} for s = B. Note that #Z ± = #Z ± , etc.
Case (a)
Consider the waveguide (a), i.e., S • •• . Since, by (2.80), u x,1 = 1 2πi T u F 1 (z)z x−1 dz, x ∈ Z, in particular where u F 1 = u 1;+ + u 1;− , as x → ±∞, the asymptotic expression for u 1 can be obtained by simply analyzing u x,1 = 1 2πi T u 1;± (z)z x−1 dz, x ∈ Z ± . Indeed, after deforming contour of integration and applying residue calculus, using (2.66), an exact expression is given by (assuming ω 2 → 0+)
The asymptotic approximation of u x,1 takes into account only the contributions due to z * corresponding to the outgoing wave modes (including a reflected wave), as expected. Thus, for s = A,
(3.4)
Note that in the expression for x → +∞, z −1 in is included in the sum (here N + (z −1 in ) = 0, N − (z −1 in ) = 0 but N − (z in ) = 0). In the expression for x → −∞, z in does not occur in the sum (N − (z in ) = 0, N + (z in ) = 0 but N + (z −1 in ) = 0). Using (3.4) , after simplification, the total field is given by u t
x,1 = u in x,1 + u x,1 . Thus, for a wave incident from the right side, the transmitted waves includes the contribution from the residue associated with the incident wave (which cancels another equal contribution), while the reflected waves includes the contribution from the residue associated with the reflected wave.
Using an expansion of the wave field in terms of the outgoing wave modes, it is possible to construct the far-field in terms of the eigenmodes associated with the two different portions of the lattice strip. The eigenmodes for a square lattice strip with fixed or free boundary are well known (see also [36] for a systematic catalogue). Thus, it is required that ahead and behind the step (with κ(z) denoting the index of wave mode corresponding to z)
(3.5)
Comparing (3.4) with the expression of u ·,1 , the coefficients A κ(z) (3.5) can be found:
(3.6)
Using above equation, hence, it follows that the total displacement field is given by
as x → +∞ and x → −∞, respectively. Since the part of the strip ahead the step is fixed (of width N), i.e. S • • , it is easy to see that a +(κ)1 = 2/N + 1 sin ηk, a (κ in )1 = a +(κz in )1 , and for the fixed-free strip of type S • • behind the step, a −(κ)1 = (2/ √ 2N + 1) cos 1 2 ηk. The energy flux in each outgoing wave mode is straighforward. as the expression is same as that stated in (3.1) [1] . Using the fact that only linear waves are considered, the reflectance and the transmittance of bifurcated wave guide (say, for a wave incident from the right side) are given by
(3.8)
By repeated application of identities in Appendix C of [40] (or Appendix D of [35] ), above expressions can be simplified further. It noteworthy that the final expressions are same as those stated by [35, 39] for bifurcated waveguides of square lattice as well as for honeycomb [40, 38, 41] , in particular, (3.8) can be expressed as
Analogous derivation can be carried out for the incidence when s = B, where in place of (3.9b), it is found that
(3.10)
Case (e)
Comparing with the expression of u ·,2 , the coefficients A κ(z) (3.5) can be found. For example, in case of s = A, neither z in and z * corresponding to H ,
(3.11)
For z = z * , but not z in , corresponding to H = 0 (note that z = z ±1 h leads to Q (z) = 2, ϑ(z) = 1 so that (2.27) 
(3.12)
A parallel derivation can be carried out for the incidence when s = B.
Case (g)
Using (2.75), by the inverse discrete Fourier transform, u x,2 = 1 2πi T u 2;± (z)z x−1 dz, x ∈ Z ± , and upon substitution of (2.67), the exact expression analogous to (3.3) can be constructed. Further, it is found that
It is easy to see that the far-field can be determined (suitably) in terms of the eigenmodes. It is required that (3.5) holds. Comparing the expressions of u x,2 , it is found that
(3.14)
Using above equation for the coefficients A κ(z) , the asymptotic expression of the total displacement field follows. Eventually (3.9) is obtained. A derivation of the same type can be carried out for the incidence when s = B. The analysis of case (f ), i.e., S • •• is similar to that for S • •• . Further, it turns out that the analysis of case (i), i.e., S • •• and (j), i.e., S • •• , of Fig. 1 , closely follows that for (e) and (f ). It is crucial to note that the expression of reflectance and transmittance cannot be reduced to (3.9) in these cases. 
Numerical results
Suppose the number of propagating wave modes is N A (= #Z + = # Z − ) on the right side and N B (= #Z − = # Z + ) on the left side at a given frequency ω (recall Eq. (3.1)). Then the maximum value, so called ballistic limit, is the minimum of N A and N B . On the other hand, within the wave propagation equation assumed for the discrete nanoribbon structures, accounting for the evanascent and propagating wave modes excited by the presence of a step discontinuity, the transmission conductance G can be obtained. For all ten square lattice waveguides, is obtained as the sum of transmittance for all incident wave modes from one side to the other side at ω. In particular,
(4.1)
The dependence of G on the frequency ω is shown in Fig. 2 for cases (a)-(d), Fig. 3 for cases (e)-(h), Fig. 4 for cases (i) and (j), and for specific N as stated in captions. The effect of scattering is emphasized by the orange shade which demonstrates the extent to which the maximal ballistic conductance is diminished by the step. It is quite clear that, atleast for small N, that the presence of step on either free boundary or free-fixed boundary (the combination of discrete Neumann on left and discrete Dirichlet on right), see Fig. 3 (e), (f), and Fig. 4 , is associated with large effects in the middle of the pass band (for square lattice structure under study). As N increases, in all cases, the shaded region however reduces as the atomic sized step looses its prominence.
Remark 4.1
The fact that reflectance and transmittance sum to unity has been established as the zero lemma by [35] in view of the coincidence of the expressions for cases (a), (b), (c), (d), (g), (h). For the cases (e), (f ), (i), (j), the expression of reflectance and transmittance is more involved and the proof is not applicable (few extra details for reflectance and transmittance in all cases have been also provided in the supplementary §4); for these cases a verification of energy conservation as well as a comparison between analytical expressions and numerical solution has been carried out though the details are omitted in main paper (see supplementary   §5 ). An illustration of the numerical solution of the discrete wave propagation problem based on the scheme summarized in Appendix D of [33] (modulo the removal of upper and lower absorbing layers, i.e. including only the left and right absorbing layers).
Concluding remarks
The paper presents an analysis of wave transmission across an atomic step or step-like discontinuity on any one boundary of the square lattice waveguides. Another interpretation of the problem is that of two waveguides of infinite width and atomically different heights joined together. The extension to wider steps (multiple semi-infinite atomic layers) brings many more complicated aspects of the mathematical analysis, besides reliance on numerics to a greater extent, however, the basic issue of effect of discreteness is anticipated to prevail in a similar manner. It is left as an interesting mathematical exercise to see how the limit N → ∞ is approached in the context of the results of [37] ; an issue to be dealt with is the relation between incident 'wave-mode' and 'bulk' wave (in some way, the wave modes are linear combinations of certain bulk waves). From a different physical viewpoint of the electronic transport, the waveguides with discrete Dirichlet boundary condition appear naturally and some results are relevant as presented in the article (see also [47, 38, 41] ). Using the transfer integral β between nearest-neighbor sites, under certain assumptions, the tight-binding Hamiltonian [5] for nanoribbons (in the second quantization) is H = −β
x (y)a x−1 (y) + a † x (y + 1)a x (y))) + h.c., where a † x (y) is the creation operator of an electron at the (x, y) site; a x (y) is the corresponding annihilation operator. After an application of the discrete Fourier transform and expanding the singleparticle electronic wave functions, the Schrödinger equation H (z)|Ψ(z) = E |Ψ(z) , leads to an association with the mechanical model via −β −1 E u y = (z + z −1 )u y + u y−1 + u y+1 .
A Auxiliary expressions A.1
It is easily conceivable that there are four combinatorial variants of the square lattice waveguides (also the same are studied in detail by [36] Also (A.1c), using the Chebyshev polynomials V n of the third kind, can be expressed as V N (ϑ) = 0. Moreover, the expressions of the numerator and denominator of the kernel can be further
